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This paper derives a new three-dimensional (3-D) analytical solution for the indirect tensile tests stan-
dardized by ISRM (International Society for Rock Mechanics) for testing rocks, and by ASTM (American
Society for Testing and Materials) for testing concretes. The present solution for solid circular cylinders
of ﬁnite length can be considered as a 3-D counterpart of the classical two dimensional (2-D) solutions
by Hertz in 1883 and by Hondros in 1959. The contacts between the two steel diametral loading platens
and the curved surfaces of a cylindrical specimen of length H and diameter D are modeled as circular-to-
circular Hertz contact and straight-to-circular Hertz contact for ISRM and ASTM standards respectively.
The equilibrium equations of the linear elastic circular cylinder of ﬁnite length are ﬁrst uncoupled by
using displacement functions, which are then expressed in inﬁnite series of some combinations of Bessel
functions, hyperbolic functions, and trigonometric functions. The applied tractions are expanded in Fou-
rier–Bessel series and boundary conditions are used to yield a system of simultaneous equations. For typ-
ical rock cylinders of 54 mm diameter subjected to ISRM indirect tensile tests, the contact width is in the
order of 2 mm (or a contact angle of 4) whereas for typical asphalt cylinders of 101.6 mm diameter sub-
jected to ASTM indirect tensile tests the contact width is about 10 mm (or a contact angle of 12). For
such contact conditions, 50 terms in both Fourier and Fourier–Bessel series expansions are found sufﬁ-
cient in yielding converged solutions. The maximum hoop stress is always observed within the central
portion on a circular section close to the ﬂat end surfaces. The difference in the maximum hoop stress
between the 2-D Hondros solution and the present 3-D solution increases with the aspect ratio H/D as
well as Poisson’s ratio m. When contact friction is neglected, the effect of loading platen stiffness on ten-
sile stress in cylinders is found negligible. For the aspect ratio of H/D = 0.5 recommended by ISRM and
ASTM, the error in tensile strength may be up to 15% for both typical rocks and asphalts, whereas for
longer cylinders with H/D up to 2 the error ranges from 15% for highly compressible materials, and to
60% for nearly incompressible materials. The difference in compressive radial stress between the 2-D
Hertz solution or 2-D Hondros solution and the present 3-D solution also increases with Poisson’s ratio
and aspect ratio H/D. In summary, the 2-D solution, in general, underestimates the maximum tensile
stress and cannot predict the location of the maximum hoop stress which typically locates close to the
end surfaces of the cylinder.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
One distinct mechanical characteristic of brittle materials is
that they are strong in compression but much weaker in tension.
Therefore, tensile strength is a very important index in describing
brittle materials because it is more relevant to the mechanical fail-
ure of brittle solids than compressive strength. However, direct
tensile test is very difﬁcult to apply to brittle materials without
inducing any eccentric moment. Therefore, various types of indi-
rect tensile tests have been developed in order to measure the ten-ll rights reserved.
+852 2334 6389.
).sile strength of brittle materials, including the diametral
compression on disk with central hole (Hobbs, 1965), the point
load strength test (Wei et al., 1999; Chau and Wei, 2001; Wei
and Chau, 2002), the double-punch test (Wei and Chau, 2000),
and the diametral compression on the curved surface of cylindrical
specimens (ISRM, 1978; ASTM, 2004).
The most popular indirect tensile strength test for testing rocks
and concretes is the so-called Brazilian test (Fig. 1a), which was
independently proposed by Akazawa in 1943 as a PhD thesis
(Machida, 1975; Akazawa, 1943; Fairbairn and Ulm, 2002) and
by Carneiro in 1943 at the Fifth Meeting at of the Brazilian
Association for Technical Rules Standardization (Carneiro, 1943;
Carneiro and Barcellos, 1953; Fairbairn and Ulm, 2002). The testing
Fig. 1. A ﬁnite solid circular cylinder subjected to the indirect tensile test: (a) ISRM Brazilian test; (b) Mathematical model; and (c) ASTM test.
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Society for Rock Mechanics (Bieniawski and Hawkes, 1978; ISRM,
1978), while the most commonly used indirect tensile test for con-
crete was standardized by American Society for Testing andMateri-
als (ASTM, 2004). As shown in Fig. 1, ﬁnite circular solid cylinders of
length H and diameter D are used for both the ISRM indirect tensile
test and the ASTM indirect tensile. Although two diametral strips of
loading are adopted for both ISRM and ASTM tests, the loading plat-
ens are of different shapes. The recommended height-to-diameter
ratios (H/D) for both ISRM (1978) and ASTM (2004) standards are
0.5. Note that the old standard of ASTM (1995) for bituminousmate-
rial recommended H/D = 0.625 but it was withdrawn in 2003. The
failure mode of cylindrical specimens under both ISRM and ASTM
tests is always in brittle splitting along the plane formed by joining
the two loading strips, as illustrated by the vertical lines shown in
Fig. 1. Indirect tensile test is sometimes referred as the ‘‘splitting
test’’ (Rocco et al., 1999, 2001). In this paper, the stress distribution
for both contact conditions proposed by ISRM and ASTM shown in
Fig. 1a and c will be considered.
An analytical solution for a solid circular cylinder subjected to
two concentrated diametral line loads was derived by Hertz in
1883 (p. 124, Timoshenko and Goodier, 1982). The main feature
of this solution is that a uniform tensile stress is predicted on the
vertical plane formed by joining the two line loads. This uniform
tensile stress is found equal to 2F1/(pDH), where F1 is the total ap-
plied force and D and H are the diameter and length of the cylinder
respectively. Indeed, circular cylinders did fail in tension between
these two line loads in all brittle materials (see Fig. 1). Not surpris-
ingly, this simple and elegant solution has been adopted in the
standard testing procedures proposed by both ISRM and ASTM.
Hondros (1959) extended the solution to the case of applied load
being modeled as uniformly distributed strip loads. The 2-D stress
components by Hondros (1959) are summarized in Eqs. (5) and (6)
of Section 10.7 of Jaeger and Cook (1976) and reproduced here in
Appendix B for the sake of completeness. Both of these two-dimen-
sional (2-D) solutions are valid for either very long cylinders (plane
strain condition) or very short cylinders (plane stress condition).
However, the suggested H/D value in both ISRM and ASTM stan-
dards is 0.5 (ISRM, 1978; ASTM, 2004). It seems that this value
may not fully justify the use of the 2-D solution. Indeed, it is more
often found that the experimental results cannot be well described
by the 2-D analytical solution (Chen and Chen, 1976; Mamlouk
et al., 1983; Rocco et al., 2001; Yu et al., 2006).
Therefore, ﬁnite element method (FEM) has been employed to
study the stress distribution within ﬁnite circular cylinders under
the indirect tensile test. For example, Yu et al. (2006) studied theshape effect in the Brazilian test using 3D FEM. Numerical results
show that for a ﬁxed Poisson’s ratio of 0.22 the tensile stress distri-
bution along both the compressed diameter and thickness is not
uniform, and the tensile stress near the end surface of the speci-
men is higher than that of the inner part. It was also found that
the 2-D solution by Hertz in 1883 and by Hondros (1959) is not
accurate enough to calculate the tensile strength of rocks, espe-
cially for relatively thick cylinders. Roque and Buttlar (1992) ap-
plied FEM to analyze the indirect tensile test for asphalts and
demonstrated that there is a signiﬁcant variation of the tensile
stress along the thickness of the cylinder. Moreover, the two
dimensional solutions by Hertz in 1883 and by Hondros (1959)
also fail to consider the Poisson effect.
The main objective of this study is to obtain a three-dimen-
sional (3-D) analytical solution for the indirect tensile test, and
through this new solution to investigate the validity of 2-D solu-
tion in applying to indirect tensile tests. The method of solutions
follows the displacement function approach (Muki, 1960; Chau
and Wei, 2000, 2001) in converting the coupled equilibrium equa-
tions for displacements to a system of two uncoupled differential
equations of biharmonic equation and Laplace equation. In cylin-
drical coordinate, the general solutions of these two displacement
functions are expressed in terms of series solution consisting of
Bessel functions, hyperbolic functions, and trigonometric func-
tions. In fact, the most difﬁcult step in the solution technique is
to assume an appropriate form of solution such that all boundary
conditions can be satisﬁed exactly. In order to satisfy the boundary
conditions, Fourier–Bessel expansion technique is applied to ex-
pand the applied traction on the curved surface.
The present solution provides a theoretical basis for the stress
analysis of and strength interpretation for the commonly adopted
indirect tensile strength tests. In view of the popularity of the indi-
rect tensile test in applying to various engineering materials, such
as concrete, rocks and asphalts, the present solution is of funda-
mental importance to the area of material testing. The present 3-
D solution also provides a major improvement over the 2-D solu-
tion of Hertz in 1883 (Timoshenko and Goodier, 1982) and Hond-
ros (1959), and can be used to examine the effect of Poisson’s ratio
and shape effect of the specimen on the stress distribution within
ﬁnite circular cylinders subjected to the indirect tensile test.2. Mathematical formulation
Fig. 1 shows the typical experimental setup for the ISRM indi-
rect tensile test (Fig. 1a) and the ASTM indirect tensile test
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specimen by two metal loading platens, one on the top and one at
the bottom. For the ISRM test, the steel loading platens are in con-
cave circular shape, whereas for the ASTM indirect tensile test, the
steel loading platens are ﬂat. For both the ISRM and ASTM indirect
tensile tests, the external load is modeled by non-uniform radial
Hertz contact stress as shown in Fig. 1b. The cylinder is of radius
R (or diameter D = 2R) and length H = 2h, and is assumed homoge-
neous, linear elastic and isotropic. The origin and the z-axis of the
cylindrical coordinate (r, h, z) coincide with the center and the axis
of symmetry of the cylinder.
The traction free end boundary conditions for a ﬁnite solid cir-
cular cylinder under the indirect tensile test can be written as
rzz ¼ 0; rzr ¼ 0; rzh ¼ 0 ð1Þ
on z ¼ h; and the strip loading on the curved boundary are mod-
eled by Hertz contact as (see Section 141 of Timoshenko and Goo-
dier, 1982):
rrh ¼ 0 ð2Þ
rrz ¼ 0 ð3Þ
rrr ¼
 2Fpb ð1 R
2h2
b2
Þ1=2 for jhj 6 bR and jp hj 6 bR
0 for jhj > bR and jp hj > bR
(
ð4Þ
on r = R, where p  3.141592654, h is deﬁned in Fig. 1b and mea-
sured in radian, F is the total force per unit length induced by the
loading strips, and b is the half-width of the loading strips (see
Fig. 1b). Note that this radial stress is zero at the edge of the contact
zone (i.e. Rh = b) and attains a maximum at the center of the contact
width (i.e. h = 0). The contact width can be determined as (Timo-
shenko and Goodier, 1982)
b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4FR1R
pðR1 þ RÞ
1 m2
E
þ 1 m
2
E
 s
ð5Þ
where R1 is the radius of the loading platens, E is the Young’s mod-
ulus and m is the Poisson’s ratio of the cylinder; whereas the elastic
properties of the loading platens are denoted by the superimposed
bar. For the ISRM (1978) indirect tensile test shown in Fig. 1a, the
concave contact has a radius of R1 = 1.5R; whereas for the ASTM
(2004) indirect tensile test shown in Fig. 1(c), the ﬂat platen has a
radius of R1?1. Thus, the platen contact width depends on the ap-
plied force F, the elastic properties (E and m) of the cylinder, the ra-
dius of the cylinder R and the testing set-up of the loading platens
(i.e. the value of R1), as well as the elastic properties of the loading
platens (E and m).
3. Displacement functions
In this study, the displacement function approach is employed
to investigate analytically the 3-D stress distribution of cylinders
subjected to the indirect tensile test. This method was originally
proposed by Muki (1960) and has been discussed in details by
Chau and Wei (2000, 2001) and by Chau (2013). These displace-
ment functions consist of the z-component of the Galerkin vector
plus the z-component of the irrotational part of the Helmholtz
decomposition vector (see Section 4.9.1 of Chau, 2013). In particu-
lar, two displacement functions U (z-component of the Galerkin
vector) and W (z-component of the irrotational part of the Helm-
holtz decomposition vector) are introduced to uncouple the equi-
librium equations leading to the following biharmonic and
Laplace equations (Muki, 1960; Little, 1973; Chau, 2013)
r4U ¼ r2r2U ¼ 0; r2W ¼ 0 ð6Þwhere r2 is the Laplacian operator. In cylindrical coordinates, all
displacement components (ur,uh,uz) and stress components (rrr,rzz,
rhh,rrz,rrh,rzh) can now be expressed in terms of these two dis-
placement functions U and W as
ur ¼ @
2U
@r@z
þ 1
r
@W
@h
; uh ¼ 1r
@2U
@h@z
 @W
@r
;
uz ¼  2ð1 mÞr1Uþ ð1 2mÞ @
2U
@z2
" #
ð7Þ
rrr ¼ 2mGr2 @U
@z
þ 2G @
3U
@z@r2
þ @
@r
1
r
@W
@h
 " #
ð8Þ
rhh ¼ 2mGr2 @U
@z
þ 2G 1
r
@2U
@z@r
þ 1
r2
@3U
@h2@z
 @
@r
1
r
@W
@h
 " #
ð9Þ
rzz ¼ 2G ð2 mÞ @
@z
r2  @
3
@z3
" #
U ð10Þ
rrz ¼ 2G ð1 mÞ @
@r
r1 þ m @
3
@r@z2
" #
Uþ G
r
@2W
@h@z
ð11Þ
rzh ¼ 2G ð1 mÞ1r
@
@h
r1 þ m1r
@3
@h@z2
" #
U G @
2W
@r@z
ð12Þ
rrh ¼ 2G @
@r
1
r
@2U
@h@z
 !
þ 1
2
1
r
@W
@r
þ 1
r2
@2W
@h2
 @
2W
@r2
 !" #
ð13Þ
where G and m are the shear modulus and Poisson’s ratio, respec-
tively, and r2 and r1 are deﬁned as
r2 ¼ 1
r
@
@r
r
@
@r
 
þ 1
r2
@2
@h2
þ @
2
@z2
¼ r1 þ @
2
@z2
ð14Þ
The most crucial step in the method of solutions is to select
appropriate forms of U and W such that both Eq. (6) and the
boundary conditions expressed by Eqs. (1)–(4) are satisﬁed. By
specializing the series expressions for U and W proposed by Chau
and Wei (2000, 2001), the following solution forms are used:
U ¼ A0 z
3
12G
 C0 z4G r
2  1
2G
X1
n¼0
H0nr2nþ2z

þ
X1
m¼1
1
g3m
Amnr
@I2nðgmrÞ
@r
þ BmnI2nðgmrÞ
 	
sinðgmzÞ
þ
X1
s¼1
1
c3s
½Csn sinhðcszÞ þ Dsncsz coshðcszÞJ2nðcsrÞ
)
cosð2nhÞ ð15Þ
W ¼ 1
2G
X1
n¼0
E0nr2n þ
X1
m¼1
Emn
g2m
I2nðgmrÞ cosðgmzÞ
(
þ
X1
s¼1
Fsn
c2s
coshðcszÞJ2nðcsrÞ

sinð2nhÞ ð16Þ
where gm =mp/h, cs ¼ ks=R, and ks is the s-th root of J02nðksÞ ¼ 0 (i.e.
the derivative of the Bessel function of the ﬁrst kind of order 2n);
J2nðxÞ and I2nðxÞ are the Bessel and modiﬁed Bessel functions of
the ﬁrst kind of order 2n, respectively (Abramowitz and Stegun,
1965); and A0; C0;H0n; E0n, Amn; Bmn;Csn;Dsn; Emn and Fsn are un-
known coefﬁcients to be determined by the boundary conditions.
In obtaining Eqs. (15) and (16), we note that the ﬁrst term inW
given in Eq. (23) of Chau and Wei (2000) is not needed as there is
no constant shear stress applied on the cylinders. In addition, the
periodicity of the problem is now p with respect to the top and
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havexn = 2np/p = 2n in Eqs. (23) and (24) of Chau and Wei (2000).
As h is measured from the vertical and thus symmetry in the radial
displacement requires that it is a function of cosh only, but not
function of sinh because sine function is antisymmetric. Therefore,
it is necessary and sufﬁcient to take the upper h-dependence func-
tions given in Eqs. (23) and (24) of Chau and Wei (2000). Similarly,
because of the traction free conditions at the ﬂat end boundaries of
the cylinder, we can take the upper z-dependent functions of co-
sine and hyperbolic cosine in Eq. (23) of Chau and Wei (2000) for
W, and take the upper z-dependent functions of hyperbolic sine
and hyperbolic cosine in Eq. (24) of Chau and Wei (2000) for U.
It is straightforward to show that the mathematical forms of U
and W given in Eqs. (15) and (16) satisfy Eq. (6) identically. Substi-
tution of Eqs. (15) and (16) into Eqs. (8)–(13) yields the following
expressions for the stress components
rrr ¼ ð2m 1ÞC0 þ mA0 þ
X1
n¼0

2nð2n 1ÞE0nr2n2
þH0n½mð8nþ 4Þ  ð4n2 þ 6nþ 2Þr2n
þ
X1
m¼1
Amn 2mI2nðgmrÞ 
1
g2m
@2
@r2
r
@I2nðgmrÞ
@r
 " #(
Bmn
g2m
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2nEmn
g2m
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r
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r
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coshðcszÞ
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þ½ðCsn þ DsnÞ coshðcszÞ þ Dsncsz sinhðcszÞ
 1
c2s r

@J2nðcsrÞ
@r
4n
2
c2s r2
J2nðcsrÞ
	
cosð2nhÞ ð17Þ
rhh¼ð2m1ÞC0þmA0þ
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f2nð2n1ÞE0nr2n2
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m¼1
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1
g2m
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1
r
@
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r
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2
g2mr
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@r
	
Bmn
g2m
1
r
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4n
2
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I2nðgmrÞ
 	
þ2nEmn
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@
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I2nðgmrÞ
r
 
cosðgmzÞ
þ
X1
s¼1
f2mDsn coshðcszÞJ2nðcsrÞ½ðCsnþDsnÞcoshðcszÞ
þDsncszsinhðcszÞ
1
c2s r
@J2nðcsrÞ
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 4n
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c2s r2
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þ2nFsn
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coshðcszÞ
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X1
n¼0
H0nð2mÞð8nþ4Þr2n
(
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)
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cosð2nhÞ
ð19Þrrz ¼
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2ðm 1Þ @I2nðgmrÞ
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@I2nðgmrÞ
@r
þ nEmn
gm
I2nðgmrÞ
r

sinðgmzÞ
þ
X1
s¼1
nFsn
cs

J2nðcsrÞ
r
sinhðcszÞ
1
cs
½ðCsn þ 2mDsnÞ sinhðcszÞ
þ Dsncsz coshðcszÞ
@J2nðcsrÞ
@r

cosð2nhÞ ð20Þ
rzh¼
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The resilient modulus is very useful for the evaluation of the
quality of the bituminous materials and pavement design (Croney
and Croney, 1998). Because the resilient modulus is usually ob-
tained in experiments by measuring the displacement component
uz on the end surfaces of the cylinder during the so called ‘‘Mar-
shall test’’ which is essential an indirect test for bituminous mate-
rial (Roque and Buttlar, 1992; Webb et al., 1985), the expression of
the displacement component uz is also given here. In particular,
substitution of Eqs. (15) and (16) into the third of Eq. (7) yields
the following expression for displacement component uz as
uz¼ 12G ½ð12mÞA0þ4ð1mÞC0zþ
X1
n¼0
fH0nð8nþ4Þð22mÞr2nz
(
þ
X1
m¼1
Amn
gm
4ð1mÞI2nðgmrÞþr
@I2nðgmrÞ
@r
 	
þBmn
gm
I2nðgmrÞ

sinðgmzÞ

X1
s¼1
J2nðcsrÞ
Csn
cs
sinhðcszÞ

þDsn
cs
½2ð12mÞsinhðcszÞþcszcoshðcszÞ

cosð2nhÞ
)
ð23Þ
Similarly, the other two displacement components can also be
obtained.
4. Solution procedures
In order to match the external applied load with the internal
stress ﬁeld, the external applied load is expanded in Bessel-Fourier
series. In particular, Eq. (4) can also be written as
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X1
n¼1
2F
npb J1
2nb
R
 
cos 2nh ð24Þ
In addition,we rewrite all expressions for stresses (except forrhh) in a
uniﬁed Bessel–Fourier series, and then specialize themon the curved
surface as well as on the two end surfaces. By comparing the expres-
sions for stresseswith those by boundary conditions, we can derive a
system of equations for the unknown coefﬁcients. Subsequently, all
unknown coefﬁcients can be solved from these equations.In particu-
lar, rewriting Eq. (17) and comparing it with Eq. (24) lead to
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where the expressions of Cð0Þs ; K
ð0Þ
s , C
ð1Þ
sm and K
ð1Þ
sm are given in
Appendix A, and
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By applying the shear traction free condition given in Eq. (3) to
Eq. (20), we have
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where the expressions of Cð2Þsm and C
ð3Þ
m are given in Appendix A.
Applying the boundary condition given in Eq. (2) to Eq. (22) (i.e.
rrh ¼ 0 on r = R) leads to
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ð31Þwhere the expressions of Cð0Þs and K
ð0Þ
s are given in Appendix A.
The boundary condition rzz ¼ 0 on the two end surfaces z ¼ h
(the ﬁrst of Eq. (1)) leads to
2ð2 mÞC0 þ ð1 mÞA0 ¼ 0 ð32Þ
H0nð2 mÞð8nþ 4ÞPsn þ
X1
m¼1
fAmn½ð4 2m 2nÞTsm þ Usm
þ BmnTsmgð1Þm  Csn coshðcshÞ  Dsn½ð2m 1Þ coshðcshÞ
þ csh sinhðcshÞ ¼ 0 ð33Þ
where the expressions of Psn; Tsm and Usm are given in Appendix A.
The boundary condition rzr ¼ 0 on the two end surfaces z ¼ h
leads to
2nð8nþ 4Þð1 mÞH0nPsncsh nFsn sinhðcshÞ 
X1
m¼1
csVsn
cm
 fCmn sinhðcmhÞ þ Dmn½2m sinhðcmhÞ þ cmh coshðcmhÞg ¼ 0
ð34Þ
where s is an integer greater than zero, and the expression of Vsn is
given in Appendix A.
The boundary condition rzh ¼ 0 on the two end surfaces z ¼ h
leads to
2nð8nþ4Þð1mÞH0nPsncshþ2nCsn sinhðcshÞ
þ2nDsn½2msinhðcshÞþcshcoshðcshÞþ
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2cm
Fmn sinhðcmhÞ¼0
ð35Þ
By now, all boundary conditions have been considered, and all
unknown coefﬁcients can be uniquely determined. More speciﬁ-
cally, the unknown constants A0 and C0 can be solved from Eqs.
(25) and (32), whereas E0n;H0n;Amn;Bmn; Emn;Csn;Dsn and Fsn can be
solved from the coupled system of equations Eqs. (26), (27), (29),
(30), (31), (33), (34), and (35). For example, if the number of trun-
cated terms selected for indices m, n and s equals a ﬁnite integer
q, the number of unknowns for E0n;H0n;Amn;Bmn; Emn;Csn;Dsn and
Fsn becomes 2(q + 1)+6q(q + 1). It is clear from Eqs. (26), (27), (29),
(30), (31), (33), (34), and (35) that the number of equations is also
exactly 2(q + 1) + 6q(q + 1). Numerical results of the present analyt-
ical solutions are given and discussed in the next section.
5. Numerical results and discussions
The determination of the unknown coefﬁcients by the boundary
conditions in the last section involves the solution of a system of
simultaneous equations in terms of inﬁnite series. In actual compu-
tation, the inﬁnite series has to be truncated and only ﬁnite number
of terms is retained. However, our numerical calculations show that
the system of equations for solving E0n;H0n;Amn; Bmn;Emn;Csn;Dsn and
Fsn becomes ill-conditioned for largem and s.
It is observed that coefﬁcients of the system of equations
including cosh, sinh, and I2n (modiﬁed Bessel function) increase
exponentially with argument (or indirectly increase with m and
s), whereas coefﬁcients for other terms involving only sine, cosine,
and J2n (Bessel function) are simply oscillating functions with ﬁnite
value even for large m and s. This is the cause of ill-conditioning of
this system of equations as we increase m and s.
We found that the ill-condition can be alleviated by a proper
scaling of the coefﬁcients. In particular, we divide all coefﬁcients
for Amn;Bmmand Emn with the modiﬁed Bessel function I2nðgmRÞ be-
cause they cause ill-conditioning for largem. That is, automatically
all constants Amn;Bmmand Emn have been scaled by multiplying
I2nðgmRÞ. We divide all coefﬁcients for Csn;Dsn and Fsn with
coshðcshÞ because they cause ill-conditioning for large s. That is,
2400 X.X. Wei, K.T. Chau / International Journal of Solids and Structures 50 (2013) 2395–2406automatically all constants Csn;Dsn and Fsn have been scaled by
multiplying coshðcshÞ . After solving E0n;H0n;Amn;Bmn; Emn;Csn , Dsn
and Fsn, the ﬁnal solutions of Amn; Bmn and Emn can be obtained by
dividing them with I2nðgmRÞ while the solutions for Csn;Dsn and
Fsn can be obtained by dividing them with coshðcshÞ.
Since the actual applied normal stress of the boundary condi-
tion (4) on the curved surface is a nonlinear function of the applied
force and the modulus of the cylinder as shown in Eq. (5) (due to
the inclusion of Hertz contact), the ﬁnal stress distribution cannot
be normalized linearly with respect to the applied load and modu-
lus, like other linear elastic stress analyses. Therefore, in this paper
typical values of rock tested complying with the ISRM (1978) stan-
dard and of bituminous material or asphalt tested complying with
the ASTM (2004) standard will be adopted in the following numer-
ical calculations. Our choice of rock and asphalt should cover both
strong and weak solids.5.1. The contact width and angle versus tested material and testing
method
Figs. 2(a) and (b) plot the contact width b versus the applied line
force F (MN/m) for various values of Poisson’s ratio for a typical
rock of Young’s modulus of 50 GPa subjected to ISRM (1978) indi-
rect tensile test and for a typical bituminous material of Young’s
modulus of 85 MPa subjected to ASTM (2004) indirect tensile test.
These values are considered typical for rocks (Goodman, 1989) and
for asphalts (Croney and Croney, 1998). The numerical results were
obtained by using Eq. (5) with the special case of rigid platens (i.e.
E!1), and the effect non-rigid loading platen will be considered
later in Section 5.3. As suggested in ISRM (1978), the diameter of
the rock cylinder is 54 mm, whereas the diameter of the bitumi-
nous material cylinder is 101.6 mm recommended in ASTM
(2004). For typical rocks of moderate tensile strength, splitting fail-
ure occurs at around F = 0.5 MN/m (roughly corresponding to a
tensile strength of 6 MPa) whereas for typical asphalts of moderate
tensile strength, splitting failure occurs at around F = 0.05MN/m
(roughly corresponding to a tensile strength of 0.3 MPa), shown
as vertical dotted lines in Fig. 2. These values of line forces will
be used in later numerical calculations. At these force values, the
contact widths are about 2 mm and 12 mm for the ISRM test on
rock and ASTM test on asphalt. Fig. 3 plots the contact angles ver-
sus the applied force F for various values of Poisson’s ratio. These
contact angles are needed for later stress comparisons with the
2-D solutions because the classical 2-D Hondros (1959) solution
is expressed in terms of the contact angle (or 2h0), as shown inFig. 2. The half width b of the contact area versus the applied force F (MN/m) for various P
ISRM Brazilian test are: E ¼ 50GPa; D = 2R = 54 mm, H = 0.5D, R2 = –1.5R. The parameters
R2 !1 . Rigid platen is assumed (i.e. E!1).Appendix B. In general, contact angles at the chosen applied forces
of 0.5 MN/m for rocks and 0.05 MN/m for asphalts are around 4–
12.
5.2. The convergence of the present solution
In order to check the convergence of the present 3-D analytical
solution, Fig. 4 plots the hoop stresses at the center of the cylinder
(i.e. r/R = z/h = 0) versus H/D for m = 0.35 and for various numbers
of summation terms (n, s, andm) used in the series solutions of the
displacement functions given in Eqs. (15) and (16). The height
H = 2h and diameter D = 2R are deﬁned in Fig. 1. The size of the cyl-
inder and other mechanical properties for rocks (ISRM test) and as-
phalts (ASTM test) are the same as those used in Fig. 2. The hoop
stress has been normalized with respect to Hertz 2-D solution,
r0 ¼ 2F=ðpDÞ. Note that the contact widths b for ISRM results and
ASTMresults are not the samebecause of different shape of the load-
ing platens being used. The average value of Poisson’s ratio of rocks
and asphalts is about 0.35 (e.g. Goodman, 1989; Table 3 of Chau and
Wong, 1996; Croney and Croney, 1998; Low et al., 1993), and thus
this value was used in the plots. As discussed earlier, the
coefﬁcients of the system of equations for unknowns
E0n;H0n;Amn;Bmn;Emn;Csn;Dsn and Fsn become very large for large m
and s.Therefore,we shouldnot be too greedy in calculating thenum-
ber of terms. Nevertheless, Fig. 4 shows that the hoop stresses con-
verge very quickly to a steady value when more than 20 terms are
used for each of n, s, and m. The solutions for 20 terms for n, s, and
m or more are virtually indistinguishable for the hoop stress at H/
D = 0.5, which is the value suggested by both ISRM and ASTM stan-
dards. Fig. 5 plots the hoop stresses versus r/R for m = 0.35, h = 0, z/
h = 0, and H/D = 0.5 and for various numbers of summation terms
(n, s, and m) used in the series solutions given in Eqs. (15), (16) for
the displacement functions. It is clear that the solutions for 20 terms
ormore for n, s, andm are virtually the same, independent of the va-
lue of r/R. Therefore, in all of the following calculations, numerical
results are obtained by using 50 terms of n, s andm.
5.3. The effect of loading platen stiffness on stress concentration
So far, we have assumed that the loading platen is rigid compar-
ing to the tested materials. To illustrate the effect of non-rigid load-
ing platen, Fig. 6 plots the normalized hoop stress along the
normalized radial distance (r/R) for various values of Poisson’s ratio
and for both rigid and elastic loading contacts. All parameters are
the same as those used in Figs. 2–4. The results are obtained foroisson’s ratio m for both ISRM and ASTM testing procedures. The parameters used for
used for ASTM indirect tensile test are: E ¼ 85MPa; D = 2R = 101.6 mm, H = 0.5D, and
Fig. 3. The half contact angle h0 of the contact area versus the applied force F (MN/m) for various Poisson’s ratio m for both ISRM and ASTM testing procedures. The parameters
used for ISRM and ASTM tests are the same as those used in Fig. 2.
Fig. 4. The normalized hoop tensile stresses rhh=r0 at the center of the cylinder subjected to both ISRM and ASTM tests for various values of n, s, m and m ¼ 0:35 , where
r0 ¼ 2F=ðpDÞ is the 2-D Hertz solution. The line forces used in ISRM and ASTM tests are F ¼ 0:5MN=m and F ¼ 0:05MN=m , respectively.
Fig. 5. The normalized hoop stresses rhh=r0 versus r/R for various values of n, s,m for z/h = 0, h ¼ 0 and m ¼ 0:35 for both ISRM and ASTM testing procedures. Other parameters
used are the same as Fig. 4.
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in Eq. (5) is assumed as 210 GPa whilst the Poisson’s ratios being
the same as those of the tested cylindrical material. The solutions
for rigid contact are plotted as solid lines whereas the elastic solu-
tions are shown as circles. These solutions are essentially indistin-
guishable in Fig. 6, and thus it appears that the loading platen can
be assumed as rigid. However, it should be cautious that this obser-vation is only true for the present case of frictionless contact (or
smooth contact). Recently, Kourkoulis et al. (2013) showed that
frictional stress at contact in Brazilian test may strongly inﬂuence
the length of contact for the case of stick contact (no slip contact or
stick condition). For such cases, the magnitude of contact stress can
be highly sensitive to the relative stiffness of the loading platens
and the specimens (see Fig. 7 of Kourkoulis et al., 2013). The
Fig. 6. The normalized stresses rhh=r0and rrr=r0 versus the normalized distance r/
R for z/h = 0, h ¼ 0 , and for various Poisson’s ratio m subjected to both rigid platen
condition and elastic platen condition. The plots are for ISRM contacts and
parameters used are: E ¼ 50GPa; D = 2R = 54 mm, H = 0.5D, R2 = –1.5R. The Young’s
modulus E of the loading platen is assumed as 210 GPa whilst the Poisson’s ratio
being the same as those of the tested cylindrical material.
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Kourkoulis et al. (2013) were also veriﬁed experimentally by ‘‘dig-
ital image correlation’’ (DIC) method (Kourkoulis et al., 2012).
Although Kourkoulis et al. (2013) did not demonstrate how the
loading platen stiffness inﬂuences the maximum tensile stress
within the cylinder, apparently it is not negligible as in the present
case of frictionless contact. Further studies are clearly needed on
frictional contact.
5.4. Comparison with two dimensional solutions by Hertz in 1883 and
Hondros (1959)
The 2-D analytical solutions obtained by Hertz in 1883 for the
case of line loads (see Timoshenko and Goodier, 1982) and by
Hondros (1959) for the case of radial strip loads have been exten-
sively used in estimating the tensile strength of brittle materials.
Fig. 7 shows the comparisons of the present 3-D solution with
the 2-D classical solution by Hondros (1959) for the normalized
hoop stress rhh=r0 [where r0 ¼ 2F=ðpDÞ is the Hertz 2-D solution
for the hoop stress] and for the normalized radial stress rrr=r0 atFig. 7. The normalized radial and hoop stresses rrr=r0 and rhh=r0 versus the normalized
D solution and 2-D classical solution by Hondros (1959) are plotted as solid lines and cthe center of the cylinder against r/R for various values of Poisson’s
ratio m . The plot is calculated for H/D = 0.5. Note that the 2-D solu-
tion is independent of m. Both the normalized hoop stress rhh=r0
and the normalized radial stress rrr=r0 at the center of the cylinder
obtained by the present 3-D solution approach the classical 2-D
solutions for m? 0, and thus Fig. 7 demonstrates the validity of
the present solution. Similar to Hondros (1959) solution, the pres-
ent 3-D hoop stress is tensile only in the middle portion of the cir-
cular section and becomes highly compressive when the contact
platens are approached. Such edge stress singularity in circular cyl-
inders was considered by Robert and Keer (1987) but is out of the
scope of the present study. This compressive zone under the con-
tact is absent in the classical Hertz’s line load solution, which pre-
dicts a uniform tensile hoop across the diametral line between the
loading platens (Timoshenko and Goodier, 1982).
5.5. Three dimensional nature of the hoop stress
To illustrate the 3-D nature of the present solution, Fig. 8 plots
the normalized hoop stress rhh=r0 versus the normalized distance
r/R for m = 0.35, h = 0 and for various values of z/h. The tensile hoop
stress in the middle portion of the diameter joining the two contact
platens increases with z/h from 0 to 0.7. Comparison of Figs. 7 and
8 reveals that the 3-D hoop stress is actually larger than the 2-D
solution away from the center of the cylinder for the case of
m = 0.35 (i.e. z/h– 0). It is also clear from Fig. 8 that the concave
contact platen of ISRM standard produces a larger tensile zone in
the middle part of the cylinder than that induced by the ﬂat platen
of ASTM standard. Fig. 8 shows that the maximum tensile stress
mainly appears at the center of the cylinder (i.e. r/R = 0) for z/h
smaller than 0.7 for both ISRM and ASTM indirect tensile tests.
Even for the case of ISRM test at z/h = 0.7, the tensile stress at the
center is only slightly smaller than the maximum value at about
r/R = 0.6. Therefore, in the subsequent calculations we will focus
on the stress concentration along the axis (i.e. r/D = 0) of the
cylinder.
Fig. 9 plots the 3-D normalized hoop stress rhh=r0 along the axis
of the cylinder z/h for various value of m (i.e. r/R = 0). The hoop stress
for z/h < (z/h)cr (0.56) decreases with mwhereas it increases with m
for z/h > (z/h)cr. Note that the critical (z/h)cr is roughly the same for
both ISRMandASTMstandards. At this critical section along theaxis,
the hoop stress is independent of Poisson’s ratio and equals the 2-D
Hertz solution or the 2-DHondros (1959) solution. Note that the 2-D
Hondros (1959) solutions shown in Figs. 9 and10 for ISRMandASTM
cases are not the same. It is because the contact angle h0 depends on
the contact width b determined from Eq. (5), and consequently thedistance r/R for z/h = 0, h ¼ 0 and changing values of Poisson’s ratio m . The present 3-
enter lines, respectively. Other parameters used are the same as Fig. 4.
Fig. 8. The normalized hoop stress rhh=r0 versus r/R for various values of z/h for h ¼ 0 and m ¼ 0:35 for both ISRM and ASTM indirect tensile tests. Other parameters used are
the same as Fig. 4.
Fig. 9. The normalized hoop stress rhh=r0 versus the normalized distance z/h for r/R = 0, h ¼ 0, and various Poisson’s ratio m. The 2-D Hondros (1959) solutions are also
included as center lines.
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of different diameters. This difference in h0, in turn, affects the hoop
stress evaluated from Eqs. (B1) and (B2) given in Appendix B for the
2-D Hondros (1959) solution. Consequently, the 2-D solutions are
not the same in Figs. 9 and 10.
More importantly, the 2-D solution fails to capture the peaks of
the hoop stress at around z/h = 0.8 as shown in Fig. 9. The plots in
Fig. 8 also suggest that splitting of the cylinder is likely to initiate
from the ends of the cylinder, instead of from the center of the cylin-
der. This result agrees qualitatively with the FEM results of Yu et al.
(2006). Fig. 10 plots the normalized compressive radial stressrrr=r0
along the axis of the cylinder z/h for various value of m (i.e. r/R = 0). As
expected, the 2-DHondros (1959) solution is independent of the va-
lue of z/h. For z/h smaller than the critical value of (z/h)cr (0.56), the
radial compressive stress in general decreases with m, but increases
with m for z/h larger than the critical value. Similar to Fig. 9, at the
critical value of z/h the radial stress equals the 2-D Hondros (1959)
solution. Again, the 2-D solution fails to capture themaximumradial
stress near the end surfaces of the cylinder. Therefore, it is important
to investigate the maximum stress concentration within the cylin-
der under indirect tensile test using 3-D solution.
5.6. The maximum tensile hoop stress within the cylinder
Fig. 9 demonstrates that the maximum hoop stress roughly ap-
pears in the range: 0.7 < z/h < 0.8 along the axis of the cylinder.
However, the plots of hoop stress given in Figs. 8 and 9 are onlyfor the geometric ratio H/D = 0.5 recommended by the ISRM and
ASTM standards. Therefore, Fig. 11 plots the maximum tensile
stress (solid lines with data point) within the cylinder together
with the tensile stress at the center (r/R = 0) (solid lines) versus
H/D for various values of m. Note that the incompressible limit of
m = 0.5 will lead to mathematical singularity in the stress analysis;
thus, a value of m = 0.4995 has been used to approximate the
incompressible limit. The dotted line is the 2-D Hondros (1959)
solution whereas the left diagram is for ISRM setup on rocks and
the right diagram is for ASTM setup on asphalts. Similar to the con-
clusion for Fig. 9, the maximum tensile stress near the end surface
increases with mwhile the tensile stress at center decreases with m.
The hoop stress at the center approaches the 2-D solution for both
H/D? 0 and H/D?1 whereas the maximum hoop stress in-
creases monotonically with H/D and m. It is clear from Fig. 11 that
the 3-D effect is of utmost importance in identifying the maximum
value of tensile hoop in the cylinder under indirect tensile test. For
long cylinders (say H/D = 2.3), the error of the maximum tensile
stress may be as large as 20%–60%, depending on the value of Pois-
son’s ratio. For the case of m = 0.4995, the errors of the hoop stress
at the center of the cylinder reach 27% and 15% at H/D = 1.0 and H/
D = 0.5, respectively. The errors are relatively insensitive to
whether the ISRM or ASTM method is used. Fig. 12 plots that the
location of the maximum tensile stress versus H/D for various val-
ues of Poisson’s ratio. When m = 0.1 and H/D = 0.3, the maximum
tensile stress appears at the center of the cylinder (z/h = 0). More
generally, the maximum tensile hoop stress appears near the end
Fig. 10. The normalized radial stress rrr=r0 versus the normalized distance z/h for r/R = 0, h ¼ 0, and various Poisson’s ratio m. The 2-D Hondros (1959) solutions are also
included as center lines.
Fig. 11. The maximum normalized hoop stress rhh=r0 (solid lines with data points) and hoop stress at the center (solid lines) versus the height-to-diameter ratio H/D for
various Poisson’s ratio m . The 2-D classical solution by Hondros (1959) are plotted as dotted lines.
Fig. 12. The location z/h where the maximum tensile hoop stress is induced versus the height-to-diameter ratio H/D for various Poisson’s ratio m.
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ratio larger than 0.1 and when H/D > 0.3. For H/D = 0.5 recom-
mended by the ISRM and ASTM standards, the maximum tensilestress typically appears at z/h 0.7  0.9. Therefore, the 2-D solu-
tion fails to capture maximum hoop stress off the center of the cyl-
inder, especially for long cylinders.
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A 3-D analytical solution for solid ﬁnite elastic cylinders sub-
jected to the indirect tensile test is obtained. The present solution
can be considered as the 3-D counterpart of the classical 2-D solu-
tion obtained by Hertz in 1883 (see Timoshenko and Goodier,
1982) and by Hondros (1959). The applied loads induced by inter-
action between the cylinder and the loading platens are modeled
by using Hertz contact, for both concave platens of ISRM (1978)
and ﬂat platens of ASTM (2004) standard. As expected, Hertz con-
tact theory leads to a contact width being a nonlinear function of
the applied load, the size and shape of the specimen, and the elastic
properties of the specimen. The equilibrium equations are solved
by using two displacement functions. The general solution forms
of these displacement functions are expressed in series of Bessel
functions, hyperbolic functions and trigonometric functions. By
applying Fourier–Bessel series expansion technique, all the bound-
ary conditions are satisﬁed exactly.
One strong material (a typical rock with Young’s modulus of
50 GPa) under ISRM (1978) standard and one weak material (typ-
ical asphalts with Young’s modulus of 85 MPa) were considered.
For typical rock cylinders under ISRM indirect tensile tests, the
contact width ranges from 1.2 mm to 2.6 mm (or corresponding
to a contact angle ranges from 2.4 to 6), depending on the actual
value of Poisson’s ratio and the applied force. For typical asphalt
cylinders under ASTM indirect tensile tests, the contact width
ranges from 8 mm to 16 mm (or corresponding to a contact angle
ranges from 8 to 20), depending on the actual value of Poisson’s
ratio and applied force. The convergence of the series solution is
checked and 50 terms in both Fourier and Fourier–Bessel series
expansions are found sufﬁcient to give converged solutions. The
difference in the hoop stress and radial stress between the 2-D
Hertz solution or the 2-D Hondros (1959) solution and the present
3-D solution increases with H/D ratio as well as Poisson’s ratio (m).
For the case of frictionless contact, the effect of loading platen stiff-
ness on tensile stress in cylinders appears to be negligible (i.e.
loading platens can be viewed as rigid). For the recommended H/
D = 0.5, the error in tensile strength may be up to 15% for both
rocks and asphalts, whereas for larger H/D up to 2.0 the error
ranges from 15% (highly compressible solid with m = 0.1) to 60%
(nearly incompressible solid with m = 0.4995) for both materials.
In general, the error of the 2-D solutions in the normalized stress
is roughly independent of the experimental setup (whether ISRM
or ASTM standard) and independent of the strength of the material
(whether rocks or asphalts). In short, the 2-D solution in general
underestimates the tensile stress and cannot predict the location
of the maximum hoop stress which typically locates close to the
end surface of the cylinder.
The current practice of using specimens of shape of H/D = 0.5, as
suggested by ASTM (2004) and ISRM (1978), does not warrant the
use of 2-D solution either the Hertz solution in 1883 (Timoshenko
and Goodier, 1982) or Hondros (1959) solutions. It seems that ma-
jor revision is needed in the current code of practice to reﬂect the
inaccurate prediction of indirect tensile strength using the 2-D
solution. One simple way to remedy the problem is to introduce
a correction factor (based on the present 3-D solution) to the clas-
sical 2-D solution as a function of shape of the cylinder and Pois-
son’s ratio of the material.
In summary, the present study should provide a useful solution
and theoretical basis in allowing us to better interpret the tensile
strength of solids under indirect tensile test. Although the present
analysis is valid only for elastic materials, for most brittle materials
(like brittle rocks) there is not much nonlinear response before the
splitting fracture of the specimen. Therefore, the present analysis is
useful in strength interpretation.Acknowledgments
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Appendix A
Expressions for Cð0Þs ;K
ð0Þ
s ;C
ð1Þ
sm ;K
ð1Þ
sm ; C
ð2Þ
sm , C
ð3Þ
m Psn; Tsm;Usm; and Vsn
Cð0Þs ¼
sinhðcshÞ
csh
ðA1Þ
Kð0Þs ¼
sinhðcshÞ
csh
½csh coshðcshÞ  sinhðcshÞ ðA2Þ
Cð1Þsm ¼
2csð1Þm sinhðcshÞ
hðc2s þ g2mÞ
ðA3Þ
Kð1Þsm ¼
2csð1Þm sinhðcshÞ
hðc2s þ g2mÞ
csh coshðcshÞ þ
g2m  c2s
c2s þ g2m
sinhðcshÞ
 	
ðA4Þ
Cð2Þsm ¼
2gmð1Þmþ1 sinhðcshÞ
hðc2s þ g2mÞ
ðA5Þ
Cð3Þm ¼
2ð1Þmþ1
gm
ðA6Þ
Psn ¼ 2ksR
2nJ2nþ1ðksÞ
ðk2s  4n2ÞJ22nðksÞ
ðA7Þ
Tsm ¼ 2k
2
s
ðk2s  4n2Þ½ðgmRÞ2 þ k2s J22nðksÞ
½gmRI2nþ1ðgmRÞJ2nðksÞ
þ ksI2nðgmRÞJ2nþ1ðksÞ ðA8Þ
Usm ¼ 2k
2
s gmR
ðk2s 4n2Þ½ðgmRÞ2þk2s J22nðksÞ
2ð2n1ÞgmR
ðgmRÞ2þk2s
½gmRI2nþ1ðgmRÞJ2nðksÞ
n
þksI2nðgmRÞJ2nþ1ðksÞþ 4nksðgmRÞ2þk2s ½gmRI2nðgmRÞJ2n1ðksÞ
þksI2n1ðgmRÞJ2nðksÞþgmRI2nðgmRÞJ2nðksÞksI2n1ðgmRÞJ2n1ðksÞg
ðA9Þ
If kp–ks, then
Vsn ¼ 2k
2
s
ðk2s 4n2Þðk2pk2s ÞJ22nðksÞ
fk2pJ2nðkpÞJ2nðksÞ þ kskpJ2n1ðkpÞJ2n1ðksÞ
 4nkpks
k2pk2s
½kpJ2nðkpÞJ2n1ðksÞ  ksJ2n1ðkpÞJ2nðksÞ
þ 2nðk2pþk2s Þ2k2p
k2pk2s
½kpJ2nþ1ðkpÞJ2nðksÞ  ksJ2nðkpÞJ2nþ1ðksÞg
ðA10Þ
If kp ¼ ks, then
Vsn ¼ k
2
s J2n1ðksÞJ2nþ1ðksÞ
ðk2s  4n2ÞJ22nðksÞ
ðA11ÞAppendix B.
2-D solution by Hondros (1959): The following stress components
in polar coordinates were derived by Hondros (1959) for the diam-
etral compression of a circular cylinder over a contact angle of 2h0:
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2p
p
X1
m¼1
r
R

 2m2
1 ð1 1
m
Þ r
R

 2 
sin 2mh0
 cos 2mh ðB1Þrhh ¼ 2h0pp 
2p
p
X1
m¼1
r
R

 2m2
1 1þ 1
m
 
r
R

 2 
sin 2mh0
 cos 2mh ðB2Þrrh ¼ 2pp
X1
m¼1
r
R

 2m
 r
R

 2m2 
sin 2mh0 sin 2mh ðB3Þ
where p is the uniform radial pressure applied over the arcs
h0 < h < h0 and p h0 < h < pþ h0 of the curved surface of the
cylinder. This solution is used for comparison with our 3-D solution.References
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